We show that wealth processes in the block-shaped order book model of Obizhaeva/Wang [23] converge to their counterparts in the reduced-form model proposed by Almgren/Chriss [3, 4] , as the resilience of the order book tends to infinity. As an application of this limit theorem, we explain how to reduce portfolio choice in highly-resilient Obizhaeva/Wang models to the corresponding problem in an Almgren/Chriss setup with small quadratic trading costs.
Introduction
Market prices are adversely affected by large orders executed quickly. This "price impact" constitutes the principal trading cost for large institutional investors and hedge funds. Accordingly, there is a large and growing literature studying how to mitigate these costs by smart scheduling of the order flow (see, e.g., [13, 12] for recent overviews).
Two of the most widely used models were proposed by Almgren and Chriss as well as Obizhaeva and Wang, respectively. Almgren and Chriss [3, 4, 2] put forward a reduced-form model that directly specifies functions describing the temporary and permanent impacts of a given order. 1 Concrete specifications of this model are very tractable, for optimal execution [4, 2, 27] and -if price impact is linear -also for more involved problems like portfolio choice [11, 10, 14, 22] and hedging [5, 22] . In particular, fully explicit formulas obtain in the limit for small linear temporary impacts even in very general settings [22] .
The model of Obizhaeva/Wang [23] is structural, in that it does not directly posit some price impact functions, but instead starts from a description of the underlying limit order book. In today's electronic markets, the latter collects all outstanding limit buy and sell orders and thereby provides a snapshot of the current liquidity on offer. Obizhaeva and Wang assume that the order book is "block-shaped", i.e., liquidity is distributed uniformly beyond the best bid and ask prices. 2 As each trade eats into the order book, this leads to another model with linear price impact. Yet, after each trade, the book now recovers at some finite resilience rate, leading to a "transient" price impact that is neither purely temporary nor fully permanent. While risk-neutral optimal execution problems are still feasible in this setting [23, 1, 24] , more complex optimizations have proved to be elusive so far.
In the present study, we show that the models of Almgren/Chriss and Obizhaeva/Wang are intimately related. Indeed, as the resilience of the order book in the Obizhaeva/Wang model grows, the corresponding wealth processes converge to their counterparts in the Almgren/Chriss setting with small linear temporary price impact. The latter is determined explicitly in terms of observable properties of the order book, namely i) its height, ii) its resilience, and iii) how symmetrically it recovers on the bid and the ask sides.
In view of this limit theorem, optimization problems in highly resilient Obizhaeva/Wang models can be related to their counterparts in Almgren/Chriss models with small linear price impacts. We illustrate this for portfolio choice, using the results of Moreau et al. [22] in the framework of Almgren/Chriss to obtain asymptotically optimal trading strategies in Obizhaeva/Wang settings.
The remainder of the paper is organized as follows. Section 2 introduces a general version of the block-shaped limit order book model of Obizhaeva and Wang, in particular the corresponding wealth dynamics. In Section 3, we turn to reduced-form models of Almgren/Chriss-type. Section 4 contains our main results showing that Almgren/Chriss-models arise as the high-resilience limits of block-shaped order books. Finally, the implications of this limit theorem for portfolio choice are discussed in Section 5.
Trading with Block-Shaped Order Books
We fix a filtered probability space (Ω, F , (F t ) t∈R + , P ) and consider a general version of the order book model proposed by Obizhaeva and Wang [23] . 3 To wit, there is a safe asset, with price process normalized to S 0 ≡ 1, and a risky asset. The fundamental price process of the latter is modeled as a continuous semimartingale S, traded with exogenous proportional transaction costs ε ↓ , ε ↑ for selling and buying, respectively. This means that in the absence of a large trader, infinitesimal amounts can be sold for S t − ε ↓ t and purchased for S t + ε ↑ t at time t, respectively, i.e., ε ↓ , ε ↑ are the unaffected bid-ask spreads.
In addition to this exogenous friction, large trades also move market prices. Following Obizhaeva and Wang [23] , this is described by a block-shaped order book with finite volume. To make this precise, consider a trading strategy described by an adapted, right-continuous finite variation process ϕ = ϕ ↑ − ϕ ↓ . 4 The block-shaped order book has height h ↑ t on the buy side, and height h ↓ t on the sell side. Hence, a buy order dϕ ↑ t increases the best ask price by
t , whereas the current best bid price remains unchanged. After the completion of each trade, the bid-ask prices do no necessarily mean revert back to the fundamental price, but to some reference price that also takes into account the permanent impact of past trades. As in [23] , this permanent impact on the reference price is linear, 5 given by a fraction α In summary, the reference price follows
and the corresponding bid-ask spreads evolve according to
Throughout, we impose the following regularity conditions which imply, in particular, that the reference quote and the corresponding bid-ask spreads are well defined for any trading strategy ϕ:
, and all of these processes are continuous and adapted. ε ↓ , ε ↑ are positive, continuous semimartingales.
For any given trading strategy ϕ = ϕ ↑ − ϕ ↓ , the corresponding bid-ask spreads ε ϕ,↓ , ε ϕ,↑ from (2.2-2.3) solve linear SDEs with exogenous driving terms. Hence, [25, Theorem V.52] shows that they are given explicitly by
Let us now derive the wealth dynamics corresponding to a self-financing strategy ϕ. The selffinancing condition posits that all purchases and sales have to be accounted for in the corresponding safe account ϕ 0 . Since the order book is block shaped, the average execution price for each order is the average between the initial bid or ask price, and the one that obtains after the completion of the trade. This leads to 
Together, the above formulas lead to the following dynamics of the (paper) wealth process X ϕ = ϕ 0 + ϕS ϕ corresponding to a self-financing strategy ϕ with safe account ϕ 0 given by (2.6): Definition 2.2. The (paper) wealth process of a strategy ϕ = ϕ ↑ − ϕ ↓ in the Obizhaeva/Wang model has dynamics
with the bid-ask spreads ε ϕ,↓ , ε ϕ,↑ and the reference price S ϕ from (2.1-2.3).
Reduced-Form Models
Next, we introduce a general version of the reduced-form models of Almgren and Chriss [3, 4, 2] . 8 In this framework, trading strategies ϕ = ϕ ↑ − ϕ ↓ are restricted to be absolutely continuous with finite turnover ratesφ t =φ
, and the corresponding wealth dynamics are given by
Here, as for the Obizhaeva/Wang-type model in (2.1), the reference price is shifted linearly by past trades: dS
for continuous processes γ ↑ , γ ↓ ≥ 0. The processes ε ↓ , ε ↑ in (3.1) denote exogenous bid-ask spreads as in Section 2, which lead to trading costs linear in the selling and buying ratesφ ↓ ,φ ↑ . Finally, the positive, continuous processes λ ↓ , λ ↑ levy additional quadratic trading costs on the respective turnover rates. The dynamics (3.1) are again motivated by linear price impact. Indeed, suppose a single purchase dϕ ↑ t executed over a time interval dt moves the average transaction price by λ ↑ t dϕ ↑ t /dt, i.e., price impact is linear both in the trade size and the trading speed. Then, the additional execution cost due to price impact is given by λ ↑ t (dϕ ↑ t /dt) 2 dt, in line with (3.1). This price impact is purely temporary, in that each trade does not affect subsequent ones through this channel. (Permanent impact is modeled separately through shifts of the reference quote (3.2).) Hence, this model corresponds to a block-shaped order book that completely recovers after each trade before the next one is entered.
This heuristic argument suggests a close connection to highly resilient order books. However, it sheds no light on how continuous trading and finite resilience interact. Making this connection precise is the main contribution of the present paper.
High-Resilience Asymptotics
We now show that wealth processes in the Obizhaeva/Wang-type model from Section 2 resemble their counterparts in a corresponding Almgren/Chriss model in the limit for large resilience, i.e., as the order book recovers faster and faster from executed trades. To this end, write the resiliences
t , for positive, continuous, adapted processes K ↑ , K ↓ independent of the asymptotic parameter κ ∈ R + that will be sent to infinity.
Consider an absolutely continuous trading strategy dϕ t =φ t dt. The following limit theorem shows that the corresponding wealth process in an Obizhaeva/Wang model with high resilience can be approximated by its counterpart in a reduced-form model of Almgren/Chriss-type: Theorem 4.1. Fix an initial endowment x > 0 and consider an absolutely continuous strategy dϕ t =φ t dt with continuous turnover rateφ =φ ↑ −φ ↓ . Then:
, uniformly on compacts in probability, as κ −→ ∞.
That is, as κ −→ ∞, the wealth process X OW,κ (ϕ) of ϕ in the Obizhaeva/Wang model with resiliences κK ↑ , κK ↓ resembles its counterpart X AC,κ (ϕ) in an Almgren/Chriss model with temporary quadratic impact costs
, and proportional transaction costs ε ↑ , ε ↓ = O(1). To wit, the permanent price impact is independent of the resilience of the order book. In contrast, the investor's other trading costs split into two parts as the resilience grows. On the one hand, trades incur the exogenous baseline spreads. In addition, the investor is charged quadratic trading costs determined by i) the height of the order book, ii) its resilience, and iii) the asymmetry of the price impact on bid and ask spreads. This identifies the reduced-form trading cost of Almgren/Chriss in terms of observable properties of the order book.
Proof of Theorem 4.1. Fix T > 0. By localization, we can assume without loss of generality that the processes K ↑ , K ↓ are both bounded away from zero by some K > 0, and moreover, that the processesφ ↑ :=φ + ,φ ↓ :=φ − as well as
h ↓ , ε ↑ , and ε ↓ are all uniformly bounded by some constant C ∈ (0, ∞).
By Definition 2.2, Jensen's inequality, and the boundedness ofφ ↑ ,φ ↓ , it suffices to show
dt −→ 0, a.s., (4.1)
as κ −→ ∞. The arguments to show this are the same for both integrals, so we focus on the first one. The explicit representation (2.5), combined with the boundedness ofφ ↑ ,φ ↓ ,
h ↓ , the lower bound K for K, and an elementary integration, implies
By the dominated convergence theorem, it is thus enough to show that this integrand converges to zero pointwise for each t ∈ (0, T ]. Let us therefore fix ω ∈ Ω and t ∈ [0, T ]. Continuity of all the involved processes implies that, for every δ > 0, there exists ν > 0 such that
and
Moreover, ifφ t > 0, the continuous trading rate is positive on [t−ν, t] (after reducing ν if necessary). Therefore, the explicit formula for the ask spread in (2.5) combined with (4.2-4.3) gives
Now, first choose δ sufficiently small and then κ sufficiently large. This establishes the pointwise convergence needed to apply the dominated convergence theorem to obtain (4.1) and thereby the assertion.
Remark 4.2. In the context of utility maximization, for example, one may want to apply Theorem 4.1 to a sequence (ϕ κ ) κ>0 of trading strategies that become more and more active as the market becomes more liquid for higher resilience κ −→ ∞. To this end, Theorem 4.1 can be modified as follows: suppose dϕ
4)
for continuous, adapted processesφ κ , κ > 0 for which the set {φ κ t : κ ∈ (0, ∞), t ∈ [0, T ]} is bounded in probability for any T > 0, i.e., the trading rate diverges at most at rate κ 1/4 . Then, arguing verbatim as in the proof of Theorem 4.1, one obtains
uniformly on compacts in probability, as κ −→ ∞.
In view of Remark 4.2, Theorem 4.1 remains valid for families of strategies if the corresponding trading rates do not blow up too quickly. The quadratic costs levied on the trading rate in the limit are again determined by the asymmetry of the price impact, divided by the height of the order book and its resilience. Compared to Theorem 4.1, only the rate of convergence changes.
Remark 4.3. The uniform convergence on compacts in probability in Theorem 4.1 can be strengthened to uniform convergence on compacts in L p (P ), p ∈ [1, ∞) if the corresponding boundedness assumptions hold uniformly rather than only locally. Indeed, suppose K ↑ , K ↓ are uniformly bounded away from zero and the processesφ,
h ↓ as well as ε ↑ , ε ↓ are all uniformly bounded. Then, the arguments in the proof of Theorem 4.1 and another application of the dominated convergence theorem show the asserted uniform L p (P )-convergence. Analogously, this also follows in the setting of Remark 4.2.
The limiting dynamics for absolutely continuous strategies in Theorem 4.1 suggest that block trades or other "rougher" strategies lead to unnecessary trading costs in this regime due to too rapid portfolio turnover. Indeed, approximating such strategies by smoothed versions as in [20, 6, 9] allows for cheaper execution as the resilience grows, due to reduced price impact. This can be seen in the optimal execution paths of Obizhaeva and Wang [23, Figure 4 ], where block trades can be gradually replaced by absolutely continuous trading rates in this case. The following lemma shows that this observation holds more generally: Lemma 4.4. Fix 0 < T ′ < T < ∞ and consider a sequence of block trades:
for strictly increasing stopping times τ 0 < τ 1 < . . . < τ N ≤ T ′ , and corresponding locally bounded block trades θ n measurable with respect to F τn .
Then, if ϕ = 0, there exists a sequence of absolutely continuous strategies (ϕ κ ) κ>0 whose terminal payoffs dominate the one corresponding to ϕ for sufficiently large resilience κ: 5) in probability as κ −→ ∞, because ε ϕ,↑ − ε ↑ , ε ϕ,↓ − ε ↓ are nonnegative. By localization, we can assume ϕ, all ϕ κ , as well as α ↑ /h ↑ , α ↓ /h ↓ , ε ↑ , ε ↓ are uniformly bounded. The first term on the right-hand side of (4.5) then tends to zero in probability by the dominated convergence theorem for stochastic integrals. Next, using the continuity of α ↑ /h ↑ , one readily verifies that, by definition of the linear interpolators ϕ κ :
Since α ↑ ∈ [0, 1/2], this implies that the limit of the second line on the right-hand side of (4.5) is nonnegative, and strictly positive if there is at least one nontrivial purchase. Likewise, the third line on the right-hand side of (4.5) converges to a nonnegative limit as well, which is strictly positive if there is at least one nontrivial sale.
Finally, using the right-continuity of the bounded integrands and taking into account the definition of the ϕ κ , it follows that the terms in the last line on the right-hand side of (4.5) tend to zero. Combining all of these estimates, the assertion follows.
Implications for Portfolio Choice
In this section, we apply the above limit theorem to reduce portfolio choice in the Obizhaeva/Wangtype models of Section 2 to the corresponding problem in the Almgren/Chriss setup from Section 3. More specifically, we argue that the optimal trading strategies determined by Moreau et al. [22] in an Almgren/Chriss model with small temporary trading costs are also optimal in corresponding Obizhaeva/Wang models with high resilience.
To this end, suppose there is no exogenous baseline spread (ε ↑ = ε ↓ = 0), and also no permanent price impact (α ↑ = α ↓ = 0) so that the price process equals the fundamental value (S ϕ = S). Moreover, assume that the order book is symmetric (K ↑ = K ↓ =: K as well as h ↑ = h ↓ =: h). In summary, the wealth dynamics in the approximating Almgren/Chriss-model from Theorem 4.1 then read as follows: dX
Consider an agent with utility function U : R → R maximizing expected utility from terminal wealth at some planning horizon T > 0. 9 Write ϕ ∞ for the frictionless optimizer and denote by R the frictionless investor's risk-tolerance process, 10 which we assume to be positive, continuous, and adapted (e.g., constant for exponential utilities, see [18] for more details and intuitions).
Given that the quadratic trading cost λ = 1/κKh from Theorem 4.1 as well as the drift and diffusion coefficients of the fundamental price process dS t = µ S t dt + σ S t dW t are sufficiently regular deterministic functions of time t, the current price S t , and some auxiliary state variable Y t following an autonomous diffusion, [22, Theorem 4.7] shows that the family
is optimal at the leading order O(κ −1/2 ). That is, it dominates all competing families (ϑ κ ) κ>0 up to terms of higher order o(κ −1/2 ):
Here, O(κ −1/2 ) indeed is the "leading-order" correction due to small price impact, because (ϕ κ ) κ>0 achieves the optimal frictionless performance up to a term of this order [22, Theorem 4.3] . We now show that the same family (ϕ κ ) κ>0 is also optimal in highly resilient Obizhaeva/Wang models, among competing strategies that track a sufficiently regular frictionless target with a 9 Here, the utility function U is strictly increasing, strictly concave, and twice continuously differentiable. Admissibility of corresponding trading strategies can be defined as in Biagini andČerný [8] , for example. Throughout, we assume that the frictionless problem is well-posed in that a unique optimal strategy ϕ ∞ exists. 10 That is, the risk tolerance −u ′ /u ′′ of the indirect utility u as a function of current wealth.
trading rate that is at most of order O(κ 1/4 ). 11 To this end, we first establish some properties of strategies of this type:
Lemma 5.1. Consider the following family of strategies (ϑ κ ) κ>0 :
for some continuous, positive, adapted trading rate M and a frictionless target strategy following an Itô process, dϑ ∞ t = µ ϑ ∞ t dt + σ ϑ ∞ t dW t with continuous drift and diffusion coefficients µ ϑ ∞ , σ ϑ ∞ . Then, the family of strategies (5.2) satisfies (4.4) on [0, T ]. Moreover,
If the processes µ ϑ ∞ , σ ϑ ∞ , and M are uniformly bounded and M is uniformly bounded away from zero, then (4.4) and the convergence in (5.3) hold uniformly in L 2 (P ).
Proof. By localization, we can assume that the continuous processes M , µ ϑ ∞ , and σ ϑ ∞ are bounded by some constant C > 0 and M is bounded away from zero by some constant M > 0. By definition of ϑ κ , it therefore suffices to show that Hence, the algebraic inequality (a+ b) 2 ≤ 2a 2 + 2b 2 , Jensen's inequality, Doob's maximal inequality, and the Itô isometry yield
As a result, the family (ϑ κ ) κ>0 satisfies (4.4). Together with the dominated convergence theorem, this immediately yields the second part of the assertion. If all involved processes are uniformly bounded, no localization is necessary and the same arguments show uniform convergence in L 2 (P ).
We can now prove that the strategy (5.1) of [22] is not only optimal in the Almgren/Chriss model with small temporary price impact, but also in the corresponding Obizhaeva/Wang model with large resilience: Theorem 5.2. Suppose the family of strategies (ϕ κ ) κ>0 from (5.1) is optimal at the leading order O(κ −1/2 ) in the Almgren/Chriss-model. 12 11 Families with higher trading rates lead to trading costs of order greater than O(κ −1/2 ) in the limiting Almgren/Chriss model, and are therefore dominated by (ϕ κ )κ>0 even without taking the displacement from the frictionless optimizer into account [22, Theorem 4.3] . Since block trades are also asymptotically suboptimal (cf. Lemma 4.4), this suggests that one can restrict to strategies of this type without losing utility at the first asymptotic order. A rigorous proof is beyond our scope here.
12 See [22] for sufficient conditions. In particular, this holds if risk tolerance R is constant, the drift and diffusion coefficients µ Moreover, assume that the utility function U has bounded absolute risk aversion −U ′′ /U ′ , and that the classes
The prerequisites of Theorem 5.2 only ask for sufficient integrability. Hence, they are satisfied automatically if all primitives of the model are uniformly bounded: Corollary 5.3. Suppose the resilience K and the height h of the order book are both uniformly bounded and bounded away from zero.
Consider a family (ϑ κ ) κ>0 of policies as in (5.2) . If the corresponding trading rate M is bounded and bounded away from zero, and the frictionless target strategy ϑ ∞ as well as its drift and diffusion coefficients µ ϑ ∞ , σ ϑ ∞ are bounded, then the corresponding class (5.4) is uniformly integrable.
If the volatility σ S and the frictionless risk-tolerance process R are bounded and bounded away from zero, and the frictionless optimizer ϕ ∞ is a bounded Itô process with bounded drift and diffusion coefficients, then (5.4) and (5.5) are uniformly integrable for the family (5.1).
In particular, Theorem 5.2 applies in the setting of [22, Theorem 8.1] . 13 Proof of Corollary 5.3. Since the risk aversion −U ′′ /U ′ of the utility U is bounded and bounded away from zero, U ′ (x) ≤ C exp(−Bx) for some constants B, C > 0 (cf. [19, Remark 2.3] ). Combining this with the Cauchy-Schwarz inequality, it therefore suffices to show that the families exp(−2BX
